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Dynamic measurement of gravitational coupling
between resonating beams in the hertz regime

Tobias Brack®©'3, Bernhard Zybach'3, Fadoua Balabdaoui?, Stephan Kaufmann®/,
Francesco Palmegiano®1, Jean-Claude Tomasina', Stefan Blunier!, Donat Scheiwiller,
Jonas Fankhauser®' and Jiirg Dual ©®'2<

To date, there have been few dynamic measurements of gravitation in the laboratory, and fully controlled quantitative experi-
ments have been limited to frequencies in the millihertz regime. Here we introduce a fully characterized experiment at fre-
quencies in the hertz regime, which allows a quantitative determination of the dynamic gravitational interaction between
two parallel beams vibrating at 42 Hz in bending motion. A large amplitude vibration of the transmitter beam produces a
gravitationally induced motion of the high-quality-factor resonant detector beam with amplitudes up to 10-"m. The
sub-picometre-resolution measurement is made possible by a setup that combines acoustical, mechanical and electrical isola-
tion; a temperature-stable environment; heterodyne laser interferometry; and lock-in detection. The interaction is quantita-
tively modelled based on Newton's law of gravitation. Amplitude measurements at varying beam distances follow an inverse
square law and agree with theoretical predictions to within approximately three percent. Furthermore, we extract the value of
the gravitational constant G and near-field gravitational energy flow. We expect our experiment to enable progress in direc-
tions where current experimental evidence for dynamic gravitation is limited, such as the dynamic determination of G, inverse

square law and gravitational shielding.

physics. It was first modelled by Newton' and then extended

with Einstein’s theory of general relativity’. Experimentally,
much progress has been made since Cavendish*”; however, many
effects central to gravity have only been measured with a moderate
accuracy due to the weakness of the gravitational force. Therefore,
G=6.6743x10""m*kg's* is the fundamental physical con-
stant known to the smallest precision with a relative uncertainty
of 22 ppm (ref. ¥). Besides the determination of G, recent work has
also focused on the investigation of the inverse square law’'' and
the measurement of gravitational waves at frequencies of around
100 Hz (refs. '>'*). Measurements in the laboratory have the advan-
tage of having full control over cause and effect without having to
wait for something to happen in outer space'*. Most experiments in
this regard have been static or in the millihertz regime*®'*. Although
some sources of uncertainty have been resolved, many complica-
tions remain, for example, 1/f noise or unknown static mass distri-
butions, and the uncertainties are still relatively large*>'°. Also, there
are still some differences in recent measurements that are assumed
to be systematic errors but remain unexplained. Hence, the only way
to give confidence is to measure the same constant using a number
of different methods"’. Although the idea is not new'®", dynamic,
resonance-based experiments using time-harmonic gravitational
fields with frequencies greater than 0.1 Hz are very rare. They start
with the observation of an increase in vibrational noise of 20% due
to gravitational interaction®’. Another study used a rotating quad-
rupole source to dynamically investigate the inverse square law*'.
A rotating body was used to excite the gravitational wave antenna
‘EXPLORER’ at CERN*. More recently, the use of micromechani-
cal oscillators has been proposed to study the inverse square law
at small distances™ or to investigate the theory of quantum gravity

( i ravitation is the weakest of the four fundamental forces of

using very small source masses””. None of these experiments,

however, showed quantitative agreement between theory and
experiment for all gravitational quantities at the same time, and
numerous engineering aspects have been mentioned that still need
to be resolved™. Around 1997, William Walker in our group worked
for his doctoral thesis on a dynamic setup consisting of two parallel
beams, both vibrating in the vicinity of the first resonant bending
mode at a detector resonance frequency of about 40 Hz (ref. *°). The
brass transmitter beam was vibrating with a large amplitude of about
0.01m in air, generating a dynamic gravitational force field. The
tuned detector beam was set into vibration by this force field. The
cylindrical detector beam made of quartz glass was placed at a dis-
tance of about 0.05m in a vacuum chamber and had a quality factor
(Q) of ~210,000. This resulted in a gravitationally induced vibration
amplitude of 10~°m of the detector beam. However, because of the
high time constant of the detector beam of ~90 min, difficulties in
temperature stabilization made it impossible to make precise mea-
surements. Many additional limitations in electronics, optics and
disturbing influences (including mechanical and acoustical cross-
talk, electromagnetic and magnetic effects, or additional modes of
vibration) gave the impression that further work was not promis-
ing, and the project was abandoned. Since then, many advances
have been made in signal processing, laser interferometry, materials
technology, vibration isolation and control theory. The setup was
therefore revisited, many improvements were implemented and the
setup’s limitations were tested. The accomplishments and resulting
achievements are presented here. First, the Newtonian theory is
applied to the gravitational interaction between two beams to yield
a vibrational amplitude. Then, a working setup is described, and the
measurement procedure is presented, followed by the quantification
of the detector amplitudes for various distances. By comparing the
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Fig. 1| lllustration of the measurement principle. a, Simplified SDOF model
with transmitter point mass m, and detector oscillator (point mass m,,
spring constant ¢ and damping constant §): the transmitter mass, moving
with time-harmonic displacement u,, creates a dynamic gravitational force
F acting on the detector mass at distance d,, thus generating an oscillation
ug. When the frequency of excitation matches the resonance frequency of
the oscillator, the detector starts to resonate and develops a measurable
vibration amplitude. b, Sketch of the measurement setup using two
bending beams: a transmitter beam (orange), driven by a piezo-transducer
with excitation voltage V,,, and a detector beam (blue), both suspended

in the nodal points of the first bending mode. The transducer features

a countermass to increase the effectivity of excitation. The vibrating
transmitter creates a gravitational force field acting on the detector, mainly
composed of a static portion (grey colour, qualitatively) and a dynamic
portion at the frequency of excitation (coloured). The colour bar quantifies
the gravitational force density of the dynamic force field in the x-y plane in
pN m™ for the setup presented in this paper (d,=59 mm). The motion of
both transmitter and detector is measured by laser vibrometers, one for the
(large) transmitter motion and three for the (small) detector vibration.

measured amplitudes to the theory, a first estimation of the dynamic
gravitational constant G is made based on 18 single measurements,
the inverse square law is tested and the gravitational energy flow
computed.

Theory of gravitationally coupled oscillators

Figure la illustrates two point masses (transmitter mass m, and
detector mass m,) separated by undisturbed distance d,. The detec-
tor mass is part of a damped spring mass oscillator, characterized by
its mass, spring constant ¢ and damping constant 6. When the trans-
mitter mass moves with a time-harmonic displacement u,(t) =u,'e’,
Newton’s law of gravitation yields a dynamic gravitational force act-
ing on both transmitter and detector mass'.

Due to the varying distance, the force is periodically changing
around the static value F;,= Gm,md,™, thus causing the detector
mass to vibrate. When the frequency of excitation @ matches the
resonance frequency w,=(c/my)"? of the oscillator, the effect of
excitation is maximally amplified, resulting in a displacement of the
detector mass that can be approximated by

.2Gthd / diwgt
ug (1) ~ 17113 5 U 1@
0%

@
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Fig. 2 | lllustration of the measurement setup. The transmitter beam

(red drawing), hanging on springs attached at the nodal points of the first
bending mode, is located inside the transmitter chamber. The chamber
itself is similarly hanging from springs attached to a carrier bar movable
in the y direction (not shown). The vibration amplitude of the transmitter
is measured using a single-point laser interferometer (T1). The detector
beam (blue) is similarly mounted, whereas the detector chamber is placed
on an antivibration table, isolating the beam from the environment, and
minimizing the transmission of non-gravitational forces. Both chambers
can be evacuated to minimize acoustical coupling effects. The detector
movement is measured using three laser vibrometers (D1-D3), positioned
on a separate stage, similarly isolated via springs. The red dashed lines
illustrate the laser beams. By moving the transmitter chamber, distance
d, between the beams can be varied, thus changing the magnitude of the
gravitationally induced excitation force acting on the detector beam. The
whole setup is located in an underground laboratory, providing excellent
temperature stability and minimal seismic noise. The accelerometers
measuring the chamber movement are not visible in the picture.

using a Taylor expansion under the assumption that u,’ <« d, (equa-
tion (4)). Here Q, ~ (cmy)"?6~" denotes the quality factor of the oscil-
lator, assuming small damping. Equation (1) indicates that dynamic
gravitational interaction can be observed if suitable parameters are
chosen. Note that the detector displacement is not directly depen-
dent on its mass. Consequently, the dynamic acceleration amplitude
will be larger by a factor of 2Q,u,'/d, compared with the acceleration
due to gravitational force in a static setup. The working principle
(Fig. 1a, point masses) can be transformed into continuous bodies,
such as vibrating bending beams (Fig. 1b). In this case, both trans-
mitter and detector beams are resonating bending beams; hence,
both oscillators must have similar resonance frequencies to achieve
sufficient amplitudes. For the setup and measurements described
in this Article, we focus on the first bending mode. To theoretically
describe the interaction between the two beams, Newton’s law of
gravitation is applied in terms of continuum mechanics with a grav-
itational force field acting on the detector beam (equations (7) and
(8)). Like the point mass model, the said force field is composed of
three parts: a static part, a dynamic part at the frequency of excita-
tion and a dynamic part at higher harmonics. If we apply the result-
ing force distribution as excitation force to the well-known equation
of motion of a free-free Euler-Bernoulli beam, we get the detector
beam’s resonance velocity amplitude, analogously formulated to the
simple point mass model via

Vabo iGmt Qq
~ 2
Vtb,0 (Oh

I" (do, parameters), (2)

where vy, and v,,, describe the (complex) velocity amplitudes of
the bending resonance motion of the detector and transmitter,

953


http://www.nature.com/naturephysics

ARTICLES NATURE PHYSICS

a Transmitter movement b Detector movement c Transfer function
98 7 80
i¥y
$
L 70
9 | . 6 "
A o ! 5 60
@ @ >r t e
£ o4 £ : =)
= N B4 1 ' z
i‘e =* B $ >% 40 - Fit uncertainty
92 3L ¢ ty - — SDOF fit
3 ,}* 30 ¥ Mean values
3 s o UnlVy Mg
90 | | | o lit | | | 20 | | |
42.650 42.651 42.652 42,650 42.651 42.652 42.650 42.651 42.652
f(Hz) f(Hz) f(Hz)
-113 -90 0
Fit uncertainty
Pxxzg, — SDOF fit
LI e s —45 - ¥ Mean values
§ 114 :h”“ § -180 - * § o (o £V o/ 0)
z '": ° *x >
= frn, = - £ -0t
= fra, > x K
N 115 iy Y 270 + teewal X
—135 -
11 : : : -360 . ‘ : -180 ‘ ‘ ‘
42.650 42.651 42.652 42.650 42.651 42.652 42.650 42.651 42.652
f(Hz) f(Hz) f(Hz)

Fig. 3 | Result of a measurement run. Frequency spectra of the transmitter and detector bending velocities evaluated from subsequent excitation at
30discrete frequencies around the first bending resonance of the detector beam at a beam distance of d,=59 mm. (Fig. 5, 18-Mar-21-1run). Each
frequency is held for 50 min, out of which the last 25 min are averaged to obtain the mean value and standard deviation (error bars) of the amplitude/
phase at each frequency. The top panels show the amplitude spectrum, denoted by absolute value brackets |...| and the bottom panels show the phase
spectrum, denoted by £(...). a, Spectrum of the transmitter bending velocity v,,: quasi-constant excitation with ~94 mm s™ amplitude. The error bars are
too small to be visible. b, Spectrum of the detector bending velocity vy, extracted from velocity v, measured at three positions, namely, x,=(0.005m,
ly/2 and I;—0.005m) (equation (14)). ¢, Transfer function spectrum calculated from v, and v,, and fit of an SDOF transfer function (equation (15)).

The fit uncertainty illustrates the 95% confidence band. The fit allows the extraction of parameters for this measurement: resonance frequency
fo=wy/2n=42.65105015(77) Hz, Q factor Q,=3.5827(46) x 104, amplitude ratio at resonance |vy, o/ Vi, 0l = 70.14(13) X 10-° and resonance phase shift
L Vgpo/ Vipo) =—93.965(73)°. The two latter values correspond to one data point in Fig. 4a,b. The coefficient of determination of the fit is R2=99.64%.

respectively. The function I is dependent on the distance d,, beam’s
dimensions, additional moving masses and their relative posi-
tions, and can be calculated using an analytical or finite-element
three-dimensional model of the setup (Methods).

Experiment design and measurement procedure

The amplitude of the detector beam is maximized by a large trans-
mitter mass, low frequencies, small distance and high Q of the
detector oscillator (equation (2)). We, therefore, selected a detec-
tor beam made of titanium of 1m length and a rectangular cross
section of 17.0mm X 8.5mm. The beam is hanging on two strings
that are attached at the nodal points of the first bending mode to
minimize both additional damping and transmission of forces from
the supporting structure. An illustration of the setup is shown in
Fig. 2, indicating the experimental setup and both transmitter and
detector beams. The motion of the detector beam is measured using
three laser interferometers (Fig. 2, D1-D3) placed on a separate,
spring-suspended platform. The laser beams (Fig. 2, dashed lines)
point horizontally onto the beam surface where they are reflected by
small patches of retroreflective tape. The use of three measurement
positions allows the extraction of the bending motion from signals
that may also contain the rigid-body motion of both detector beam
and laser stage (equation (14)).

The transmitter beam is made of tungsten with dimensions of
1mx20mm X 10mm and a total mass of 3,875.6(1) g. A piezoelec-
tric transducer with a countermass at its opposite end is mounted
at the centre of the beam such that the bending motion can be gen-
erated with minimal reaction forces acting on the supports. The
system is designed such that the resonance frequency of the first
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bending mode of the transmitter is as close as possible to the first
bending resonance of the detector beam (~42.65Hz). The transmit-
ter beam hangs on two springs that are attached at the nodal points
of the first bending mode. Its displacement is measured by another
laser interferometer (Fig. 2, T1).

Besides the maximization of the gravitational forces and the
resulting detector motion, the prevention of any excitation or sig-
nal coupling other than gravity is of utmost importance. Therefore,
both beams have been placed in separate aluminium vacuum
chambers to avoid acoustic coupling effects. Further, the cham-
ber containing the detector was placed on a vibration-isolation
table, whereas the transmitter chamber is hanging on springs
from a movable bar attached to a solid frame with high
damping. Accelerometers mounted on both chambers give infor-
mation about unwanted movement of the chambers. By means
of experimental and numerical modal analysis of the whole
setup, great care is taken to avoid any system resonances near the
detector resonance.

Due to the high Q factor of the detector beam (Qy= 35,000), the
time until a steady-state vibration is reached is fairly high (time
constant, 7~ 260s). Further, long-time averaging is applied during
evaluation to increase the measurement resolution. Hence, it must
be ensured that the vibration conditions, especially the resonance
frequency of the detector beam, remain stable during the mea-
surement period. Therefore, the whole setup has been placed in
an underground laboratory in the Swiss Alps where a very stable
temperature can be guaranteed, resulting in an average temperature
span of ~2x107*°C per measurement point (25min) and 0.013°C
per total measurement (24h). Additionally, the location shows
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Fig. 4 | Gravitationally induced bending motion. Compilation of the SDOF fit results (equation (15)) and the associated 95% confidence interval (error
bars) from all the frequency spectrum measurements at different beam distances d, (example shown in Fig. 3). a, Amplitude ratio between the detector
bending velocity v4,, and transmitter bending velocity vy, at resonance as a function of beam distance d,. A power-law behaviour with exponent —1.99(1)
and R2=99.98% (black line) can be identified. The values lie well within the confidence band (red-shaded area) of the theoretical prediction (red dash-dot
line) that comprises statistical and systematic uncertainties (Table 1). b, Corresponding phase difference. The inverse-variance weighted mean phase shift
of (=94.8 +£1.7)° (black dashed line) is a bit lower than the theoretical prediction of —90° (red dash-dot line), suggesting minor error contributions. The
grey band illustrates the inverse-variance weighted standard uncertainty. The colour scheme of the data points is the same as Fig. 5.

minimal external disturbances that comply with the VC-G vibra-
tion criterion®.

Further details on the experimental setup and isolation measures
are provided in Methods and Extended Data Table 1. During an
experiment run, the piezoelectric transducer is sequentially excited
with a 14V, sinusoidal signal at multiple frequencies around the
detector bending resonance. Each frequency is held for 50 min, and
the detector and transmitter velocities are measured by the laser
vibrometers. Both transmitter and detector chambers are evacuated
to a pressure of 1 mbar before every new frequency, yielding a con-
stant pressure within 1% due to minor leakage. Thus, it is guaran-
teed that the dynamic properties of the detector remain unchanged
throughout the measurement.

To extract the amplitude and phase only at the frequency of exci-
tation, the outputs of the laser interferometers are fed into individual
lock-in amplifiers, thus achieving a velocity amplitude resolution of
0.16nms™. The data from the last 25min of every frequency step
is averaged and used for the data evaluation, further improving the
resolution.

Figure 3 shows the result of an example measurement run (30 fre-
quencies; frequency resolution, Af=0.126mHz; total duration,
~31h). Due to the relatively high damping of the transmitter beam
(Q,~680), the frequency spectrum of the transmitter beam reveals
a nearly constant bending vibration of vy,~94mms™ amplitude
(Fig. 3a). Figure 3b shows the frequency spectrum of the detector
bending velocity v, around the bending resonance, derived from
the velocities v,4(x,,) at three measurement positions x,, along the
detector beam (equation (14)).

The spectrum shows a clear resonance at 42.651 Hz correspond-
ing to the considered bending mode. By taking the ratio between
the response and excitation velocities, the transfer function v, /vy
can be derived (Fig. 3¢). According to equation (2), the amplitude
ratio at resonance vg,,/vy, gives a measure of the gravitation-
ally induced excitation. Note that the phase at resonance is close
to —90° and not +90° as equation (2) would indicate, since the
transmitter and detector lasers measure the velocity in opposite
directions. Since the bending resonance can be approximated as
a single-degree-of freedom (SDOF) oscillator, provided that no
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Table 1| One-sigma error budget used for the assessment of the
combined measurement uncertainty of G estimated from one
single measurement and from all the 18 measurements

Relative standard AG/G (%)
uncertainty (%)
Systematic errors
Detector laser vibrometer 0.67% 0.49%
Detector laser angular misalignment  0.01% 0.01%
Detector laser lock-in amplifier 0.01% 0.00%
Transmitter laser vibrometer 0.67% 0.67%
Transmitter laser angular 0.01% 0.01%
misalignment
Transmitter laser lock-in amplifier 0.01% 0.01%
Transmitter beam mass, m, 0.00% 0.00%
Beam distance, d, 0.66%* 1.31%
Model parameter, y 0.16% 0.16%
Statistical errors
Fit error resonance amplitude ratio,  0.32%* 0.32%
[Vao,o/ Vil
Detector beam resonance frequency, < 0.0001%* < 0.0001%
Wo
Detector beam Q factor, Q4 2.36% 2.36%
Beam distance, d, 0.0001% 0.0002%
Statistical error of all measurements 0.56%
Combined error Single measurement 2.85%
All measurements  1.66%

*Arithmetic mean of all the measurements.

other resonances are close by, the well-known equation of such a
system can be fitted to the measured transfer function. As a result,
estimates for the detector resonance frequency, amplitude ratio at
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Fig. 5 | Measurement result of the gravitational constant. Over a period of four weeks, 18 single measurement runs (similar to the example shown in

Fig. 3) were conducted at different beam distances d,. Each measurement yields the amplitude ratio and phase difference between the detector and
transmitter motion at resonance, which has been used to estimate the gravitational constant using equation (2). The figure illustrates the single and
averaged results for G (left y axis) and the deviation from the CODATA 2018 value (right y axis). Lower x axis, measurement date; upper x axis, beam
distance d,. The result of the measurement shown in Fig. 3 corresponds to the black framed box. The calculation of G uses a fixed detector-beam Q factor
of 3.595(85) x 10%, obtained as the weighted mean value from all the single-measurement results. Each measurement yields an estimate for G (coloured
lines), together with a standard uncertainty (coloured boxes). An inverse-variance weighted mean (black dashed line) with standard uncertainty illustrated
by the black-shaded area (0.56%) yields an overall estimate of G* =6.820 x 10""m?kg~"s~2, with a combined standard uncertainty of about 1.66%. The
estimation is about 2.2% higher than the CODATA 2018 value (red dash-dot line). The plotted 95% confidence band (black dotted lines) represents the
extended combined measurement uncertainty (k=1.96) based on statistical and systematic uncertainties (Table 1). The colour scheme of the data points

is the same as Fig. 4.

resonance, Q factor and resonance phase shift are obtained (equa-
tion (15)). Here Q  was also alternatively confirmed by a piezoelec-
tric excitation of the system.

Examination of gravitationally induced detector vibration
Over a period of four weeks, 18 measurement runs following the
measurement procedure presented in Fig. 3 were conducted at dif-
ferent beam distances.

The results of the complex velocity ratio at resonance vy, /vy,
are summarized in Fig. 4. Each data point corresponds to a 22-point
frequency spectrum, where the resonance amplitude and phase have
been extracted by fitting the transfer function of an SDOF oscilla-
tor (equation (15)). The amplitude curve shows a clear power-law
behaviour with exponent —1.99(1) and R*=99.98%. The excellent
agreement with Newton’s theory indicates that the detector motion
is indeed caused by gravitational coupling and not by other effects
such as mechanical or acoustical coupling.

The values lie well within the tolerance band of the theoreti-
cal prediction that comprises statistical and systematic uncertain-
ties (Table 1). The inverse-variance weighted mean phase shift of
(—94.8£1.7)° is slightly lower than the theoretical value of —90°,
suggesting a minor error contribution. The deviation of the reso-
nance phase from the theory increases with distance, whereas the
standard error remains unchanged. This may indicate a systematic
error due to remaining crosstalk, which becomes more prominent
with a decreasing gravitational signal.

Since the temperature and pressure barely change, the Q fac-
tor of the detector beam was estimated by an inverse-variance
weighted mean of all the measurement results, resulting in
Qy=3.595(85)x10*. The resonance frequency of the detector
was determined to be fy=w,/21=42.650759(15)Hz at 11.4°C,
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being linearly dependent on the temperature with coefficient
a=-—0.01834(56) Hz°C! (Extended Data Fig. 1).

Finally, G was estimated from each measurement result using
equation (2) and the theoretical model. In Fig. 5, the single results
are depicted as the mean value and standard deviation from statisti-
cal errors (coloured patches).

Combining the single measurements of G by means of
inverse-variance weighting yields G* =6.820 X 107" m*kg~"'s~? with
a relative standard deviation of about 0.56% (Fig. 5, black dashed
line and grey band). The overall 95% confidence band (Fig. 5, black
dotted line) represents the extended combined measurement uncer-
tainty (k=1.96) based on statistical and systematic uncertainties
(Table 1). Finally, G is estimated with G*=6.82(11) x 10~ m*kg™"
s72, which is only about 2.2% higher than the CODATA 2018 value®.

Due to the observed deviation from the theoretical prediction
(Fig. 4), that is, the deviation from the CODATA value (Fig. 5), a
slight systematic error might be present, which is suspected to be a
non-gravitational, mechanical coupling. During these experiments,
we measured a small movement of the detector chamber with
amplitudes typically about 0.25nms™ at the frequency of excitation,
which might be responsible.

Based on a power balance analysis, the near-field gravitational
energy flow between the transmitter and detector can be computed.
At the steady state, the incoming energy at the detector is dissipated
according to the Q factor of the detector. If all this energy is attrib-
uted to gravitation, this yields a gravitational power 0f 2.64 X 107°W
for the measurement run depicted in Fig. 3 (equation (13)).

Discussion and outlook
We described the gravitationally induced excitation of a bending
beam resonator at around 42 Hz, which can be used to investigate
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the dynamic properties of gravitation and to quantify the gravi-
tational constant. Dynamical gravitation experiment in this fre-
quency range is particularly interesting given the recent results of
gravitational waves obtained by the LIGO system'? with frequencies
in the 100 Hz regime.

However, despite amplification due to resonance, the mea-
sured amplitudes remain fairly small; hence, the measurement
is extremely sensitive to external disturbances and crosstalk. The
use of a higher-Q material, such as quartz glass, can improve the
signal-to-noise ratio with the drawback of even longer measure-
ment times. Crosstalk can be further reduced by an improved pas-
sive decoupling or active vibration isolation. At this early stage,
the measurement uncertainty is relatively high. To provide reliable
data for dynamic gravitation, the uncertainty must be consider-
ably reduced. This requires, amongst others, a more precise beam
distance control and a minimization of the temperature influence,
which affect the detector’s dynamic properties. Further, future work
must focus on a traceable calibration of the measurement chain in
the measurement range of several nanometres per second.

Motivated by another work®, future work could also contain a
non-resonant transmitter such as one or several rotating bars. This
makes the excitation more flexible, which can increase the gravita-
tional forces. Further, it enables the use of higher harmonics of the
dynamic gravitational forces.

We think that this work shows the great potential of fully char-
acterized dynamical gravitational experiments. The approach can
be transferred to other continuum vibrational systems at the micro-
and macroscale, thus opening a completely new field of gravitational
interaction experiments and leading to newer insights in this field.

Besides a more accurate determination of G, our next goals
include topics such as the investigation of the frequency depen-
dency of G, inverse square law or gravitational shielding.
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Methods

Theory. Point mass model. The equation of motion of the detector mass (Fig. 1a) is
given by
mqmy

P

mgilg + Sttg + cug = —Fg = -G 3)
where § is the damping constant; c, the spring constant; u,, the detector mass
displacement with respect to its reference position; d, the distance of the masses

m; and Fg, the gravitational force according to Newton’s law of gravitation"*.
Indices ‘t’ and ‘d” indicate the element being a part of the transmitter or detector,
respectively. A superposed dot denotes the time derivative. We assume low
damping 6 < 2(cm,)"2 The transmitter mass is oscillating with amplitude " and
angular excitation frequency w; hence, the distance between the masses changes
periodically with d=d, - u/e*". Assuming e =u,'/d,< 1 allows us to approximate
the force with a Taylor expansion around e =0 as

2Gmame ;o 2
p +Tgule“’ +O(E) (4)

Gmgm
Fg =~ dh

representing a static component, a dynamic part at frequency w and negligible
terms of higher order in . Instead of using the Taylor approximation, full
nonlinearity can be considered by computing the Fourier series coefficient c, at
frequency w, that is,

2n
N 2T o .
Foow = ae”a = = [ Fg () e dt. (5)
@ 0

Introducing the angular resonance frequency w, = (c/m,)"* and quality factor
Qq~ (cmy)'?67", the detector mass displacement is given by the well-known
solution of equation (3) as”

Fg 1
Uy = ——

my w? — w? + iww, (6)
4 @ U
When exciting at resonance (@ = @,), the maximum displacement amplitude of
the detector is obtained (equation (1)). Because Q, is of the order of 10* and higher,
the static component and higher-order terms can be neglected in the vicinity of w,,.

Beam model. Assuming continuous bodies (Fig. 1b), the gravitational interaction
can be formulated in terms of continuum mechanics, which yields the gravitational
force in the y direction between two infinitesimal mass elements dm of the detector
and transmitter beams given by

r-e,

F(dmdfdm‘) - _G
@ lIe*]]

dmgdmer = 14, — o, (7)

where position vectors ry,, are of the mass elements dm and unit vector e, is in the
y direction. The position vectors include amplitude (u,," and uy,’, respectively),
frequency w and shape of the beam’s centre-line displacements that can be
derived from the well-known Euler-Bernoulli beam theory using free—free
boundary conditions®. The use of this linear theory for the first bending mode is
justified because the beams are slender (thickness/wavelength, /4~ 0.01; width/
wavelength, w/A~0.01) and the displacement amplitudes u are small (u <<h, w).
The x displacements (Fig. 1b) are neglected as they are of the order of (h/A) x du/
dx,. Note that the mode shapes of the detector and transmitter slightly differ due
to the additional mass of the piezo-transducer and countermass mounted on the
transmitter beam. Consequently, the gravitational force distributed along the
central axis of the detector beam can be derived by integrating over the transmitter
beam volume V, and detector beam cross-sectional area A, which yields the force
per unit length in the y direction:

Fgy (x4, 1) —Gpyp; f f ﬁdvtdAd
V) (Aa)

(8)

Q
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as a function of detector coordinate x;, where p denotes the material density,
assuming a homogeneous mass distribution in each beam. Similar to the point mass
model, a Taylor series approximation around £ =u,"/d,=0 can be applied, yielding

a static part f; ;, a dynamic part f;, e’ containing the frequency of excitation,

and higher-order terms O(¢?). Alternatively, a Fourier series can be used if the
nonlinearity of the gravitational force must be taken into account (equation (5)). For
the small vibration amplitudes used in the experiment, however, the two approaches
yield very similar results with a difference of less than 0.5%. For F,, we neglect

the influence of the very small, gravitationally induced detector motion as it has a
negligible influence (u," < 1077u,"). The solution of detector motion can be found
using the eigenfunction expansion method™, where a particular solution of the form

ug (%0, 1) = tigr (1) Uar (Xa) + tar (£) Ua (%a) + Y thaon (1) Ugyn (xa) ~ (9)

n=1

is considered. Here Uy and Uy, denote translational and rotational rigid-body
movements with corresponding contribution factors uy; and uyy, respectively,
whereas Uy, , are the normalized eigenfunctions (Uy,,(0)=1) and uy, , are the
corresponding modal coordinates®. When the excitation frequency is close to

a particular resonance frequency (in our case, the resonance frequency of the
first bending mode, w, = w,,,), it can be shown—based on the orthonormality
relation of the eigenfunctions and symmetry properties of the force field—that
the contributions of all the other modes are negligible. This applies for rigid-body
movements, too. The amplitude of the corresponding modal coordinate is, thus,
found by the solution of the first-order ordinary differential equation as

. o . 2 4Gpyp, @
U1+ = dlab1 + @ity = — —9t g Udb1 (%a) fop (xq) €' dxa

(10)
Qa mg

where modal damping is specified with quality factor Q, of the detector beam.

When the steady state is reached, the detector motion is obtained from the

particular solution of equation (10), that is,

gy (a0, 1) = ttgy Uany (xa) €, (11)

where u,,’ is the gravitationally induced bending vibration amplitude at
measurement position x,. The integral in equation (10) can be simplified by

a transformation to dimensionless variables (denoted with the bar accent in
equation (12)). Then, the detector displacement amplitude is obtained using
equation (2), which contains the frequency dependence given in equation (6), the
easy-to-measure properties of the experiment and a sixth-order integral over all the
spatial coordinates. The integral can be computed with arbitrary precision using a
numeric computing environment (we used Maplesoft Maple 2020).

G

—Gm o
udb/:u(m z;//u(ﬂ,,LfGy,1 (Xq) dVadV, (12)

Vi Vq

I"(dy, beam coordinates, beam dimensions)

The gravitational influence of other moving masses such as the transducer and
countermass are similarly calculated, resulting in an additional excitation force.
Note that due to the varying distance of individual points on the beams, I is not
proportional to d,~* as in the case of point masses. However, for the setup and
parameters presented here, the integral term including all the exciting masses can
be well approximated by I'~ d, ™%, where I" has units of m=.

Limitations and prospects of the model. Here some limitations of the theoretical
model are briefly discussed.

Regarding the approximation methods, the Taylor approximation is favourable,
since only a sixth-order integral must be solved. However, if u,'/d, <0 does not
hold anymore, a Fourier approximation will be the better choice. Generally, a
Fourier approximation is preferred if computational power is not limited, since it
considers the full nonlinearity of the gravitational force field. For small distances,
the excitation force might contain non-negligible amplitudes at higher harmonics
of the excitation frequency that might excite other vibration modes of the detector
beam. Although the lock-in measurement technique enables the extraction of
motion at one specific mode/frequency, the said harmonics might add a certain
error to the results. A multimodal analysis, that is, additional measurements at
higher harmonics, could be used to even better quantify the gravitational coupling.

Energy considerations. When the steady state is reached, the energy stored in the
vibration of the detector beam can be calculated from the kinetic energy at the
maximum beam velocity, that is,

1 la
Estored = EpdAdwzuéf) { Ugba (xa)” dxq. (13)

For a bending amplitude of u,,’=24.6 pm (resonance amplitude of the 18-Mar-
21-1 run; Fig. 3b), the stored energy is 3.54 x 10~'*]. According to the definition of
Q factor as 2 times the ratio between the stored energy and energy dissipated per
cycle’, the dissipated energy can be calculated using the measured Q factor of the
detector beam (Q,=3.595 X 10*). If we assume that the only source that introduces
energy into the detector beam is the gravitational force, the time-averaged energy
flow from the transmitter to detector beam must be equal to the energy dissipated
in the detector beam to maintain the vibration. For our experiments, we obtain
a gravitational energy flow of 2.64 X 107°Js™! during resonance excitation in the
18-Mar-21-1 run. Consequently, the gravitational energy flow decreases according
to d,™* since the detector bending amplitude depends on approximately d, 2.

Experimental setup. Because of the weak nature of gravitational interaction,
great care must be taken to minimize undesired effects. In particular, one has to
make sure that no other vibrational modes exist in the vicinity of the excitation
frequency. Because of the high Q factor (>10*) of the used detector mode,

the desired motion is then strongly amplified in comparison to all the other
contributions. To maximize the amplitudes, a low frequency, small distance d, and
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large transmitter mass m, are desired. At the same time, dimensions compatible
with an easily accessible laboratory setup and vacuum chambers must be used to
make a thorough and contactless investigation of non-gravitational crosstalk effects
possible. The setup is fully remote controlled and automated using LabVIEW to
avoid disturbances by the operators.

Transmitter beam. The transmitter beam has a length of 1.00038(1) m with

a rectangular cross section of 20.07(1) mm X 10.05(1) mm. To have different
resonance frequencies for the bending modes in the z and y directions, the

area moment of inertia must be different for the two directions. For precise
machinability, a rectangular cross section was chosen. The mass of the transmitter
is 3,875.6(1) g, the Q factor of the first bending mode (internal + external damping)
is ~680 at low amplitudes. The transmitter resonance was measured to be 42.58 Hz.
Due to the relatively small Q factor and small transmitter nonlinearity, sufficient
vibration amplitude is achieved in the vicinity of the detector resonance frequency
of 42.651 Hz, making transfer function measurements possible. The beam has been
cut from 99.95% pure tungsten sheet material (ASTM B760). It is hanging on taut
stainless steel springs of 44 mm length (spring constant, ~0.94 N mm™') attached

to the nodal points of the first bending mode to minimize the transmission of
forces to the transmitter chamber. Due to the inertial excitation by piezoelectric
elements, no external forces are applied. The nodal points are calculated using the
Euler-Bernoulli beam theory, including an attached mass at the centre of the beam
of 690 g. Small nonlinearities due to the relatively high amplitude of the transmitter
can be seen in the transmitter’s frequency response. However, the displacement
function is assumed to be negligibly influenced as the ratio u,'/],<107>.

Detector beam. The detector beam is made from grade 2 titanium (3.7035)

and has a length of 1.00000(1) m with a rectangular cross section of

16.97(1) mm X 8.49(1) mm. The mass of the detector beam is 647.72(2) g. Titanium
has been selected because of its high Q factor amongst metals*. The beam is
isolated from the environment by hanging on ethylene propylene diene monomer
(EPDM) rubber strings of 3 mm diameter and 268 mm length that can be precisely
glued to the nodal points of the first bending mode. EPDM was chosen due to its
low mechanical impedance, which makes it favourable to minimize mechanical
coupling. To further improve the decoupling, a mass of 7.1 g has been placed in
the centre of each rubber wire. Since the EPDM strings showed a certain creep
behaviour, they have been loaded for several weeks with a mass similar to the
detector beam until the length was stable. During the experiments, an elongation
of the wires of less than 0.5 mm per week was monitored, resulting in an increase
in beam distance d, of <0.0035% at d, =59 mm. Due to its creep behaviour, EPDM
was considered to be unsuitable for the suspension of the heavier transmitter beam.

Excitation. For the excitation of the transmitter beam, a preloaded piezoelectric
transducer (PI P-843.60) is mounted at the centre of the beam. To increase the
effectivity of excitation, a countermass of 592 g is mounted at the opposite end of
the actuator, yielding a dynamic force of 0.566(3) N, at an excitation amplitude of
14V, at 42.651 Hz (PI E-505 amplifier).

The excitation signal is provided by an SRS FS740 time and frequency system,
which acts as a time base for the whole experiment. The device has a phase noise of
<—130dBcHz" and frequency stability of <10~'* (Allan deviation™).

Distance. The distance between the beams was adjusted by moving the transmitter
chamber that is hanging on 12 springs from two stiff bars mounted on two parallel,
synchronized linear motors (Bosch Rexroth CKK-200-NN-1 with IndraDrive
HCSO01 control), which can move with micrometre precision. However, the initial
distance d, could not be precisely maintained yet, resulting in a systematic distance
uncertainty of 0.5 mm.

Laboratory location/seismic noise. To obtain the highest temperature stability
together with minimal seismic noise, the measurement equipment was installed in
a former underground military facility in the Swiss Alps. Before the installation,
the room was characterized in terms of its vibration characteristics by an

external company, using a Syscom MR3000TR/MS2003+- triaxial geophone. The
measurement revealed excellent conditions with floor vibrations that undercut
the VC-G vibration criterion” (<0.8 pms™') by about a factor of 20. The passive
temperature stability of the room itself is excellent with temperature variations of
less than 0.04°Ch™', two days after the persons have left the rooms. The experiment
is distributed across three rooms: the measurement room containing the vacuum
chambers, beams, sensors and a minimum of other equipment; the control room
where all the computers, controls and remote connectivity are located; and the
pumping room containing the vacuum pumps and a dehumidifier.

Velocity measurement. The movement of the detector beam was measured with
three separate laser interferometers (Polytec OFV-505 laser head and Polytec
OFV-5000 controller with VD-06 decoder) that are placed on a separate mount
(Fig. 2), connected by weak springs to a solid support. The laser beams point
horizontally and orthogonally (deviation, +1°) onto the beam surface where they
are reflected by 10 mm X 10 mm patches of retroreflective tape (3M Scotchlite
7610) sticking on the beam’s surface. The mass of the tape is considered
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negligible (0.02 g per patch). The laser vibrometers provide a velocity resolution
of ~10nms~' Hz"""%, which yields a measurement resolution of ~0.37 nms™!

using an eighth-order 1.37 mHz low-pass lock-in amplifier with a time constant
of 31.32s (Zurich Instruments MFLI). The inputs of the lock-in amplifiers are
attenuated by a factor of 4 to prevent overload damage of the 3V input stages of
the MFLL This could happen if the lasers lost focus, which results in voltages

of 10V (an extremely rare event). To quantify the resolution and quality of the
velocity measurement, calibration measurements have been conducted before

the experiments. For this purpose, one of the laser heads was adjusted to point
onto a small piezoelectric transducer (10 mm X 10 mm X 1 mm) glued onto a solid
steel block. Apart from that, the measurement setup remained unchanged. The
transducer was driven with different excitation amplitudes at 42.6 Hz, resulting
in velocities up to 10nms™'. Measurements with zero amplitude revealed a

noise level in the range of 0.16 nms™' (50 points of averaging), whereas standard
deviations of signals in the range of the highest amplitudes measured in this
paper (~7nms™") showed 0.1 nms™'. These numbers are even better than the
aforementioned expected resolution. Consequently, signals greater than 1.6nms™!
can be measured with a signal-to-noise ratio greater than 10. This can be further
improved by longer averaging and/or larger lock-in time constants. Considering
a fixed frequency of 42.6 Hz, 1.6 nms™' corresponds to a displacement resolution
of 0.6 pm since v=wu. Since the amplitudes are small in these calibration
measurements, the behaviour of the piezo can be assumed to be linear and an
amplitude sweep was conducted to reveal nonlinear effects of the measurement
chain. The amplitude range was selected to be similar to the measurement range
in the experiments. A linear fit of the excitation amplitude versus velocity data
points revealed a nonlinearity of <2%;,, where the full-scale output (FSO) is
8nms'. Note that this measurement also contains nonlinearities in the excitation
chain (for example, the driving of the piezo), which is different from the
excitation in the experiments.

Vibration isolation and measurement. Acoustical isolation. To avoid the
transmission of forces due to sound waves, each chamber was evacuated with a
vacuum pump (Edwards nXDS 10i vacuum scroll pump) via remote-controlled
valves. Pressure evacuation was done before every frequency step, whereas no
data were acquired during evacuation. The pressure increase in the chambers for
pressures greater than 0.5 mbar was measured to be 22 pbarh™! for the detector
chamber and 155 pbarh for the transmitter chamber.

Mechanical isolation. Besides the suspension of both beams and transmitter
chamber, the detector chamber was placed on an aluminium vibration-isolation
table (Opta HDT 200 anti-magnetic table with DMT 1400 base).

Electrical isolation. To minimize electrical coupling of the excitation signal into
the measurement chain, for example, via ground loops containing the excitation
frequency, all the relevant devices have been connected in a star ground layout to
the main power source. Any high-power sources were disconnected during the
measurement. Further, the detector beam and vacuum chambers were electrically
grounded to avoid patch charges and creating Faraday cages.

Mechanical crosstalk measurement. Despite the thorough vibration isolation,
minor transmission of forces and signals were detected at the measurement
frequency. We assume these effects to be responsible for the remaining
uncertainties and deviations in the measurement results. During the measurements
presented in this Article, we measured a movement of the transmitter chamber of
0.82(2) pms™ in the y direction and 0.15(2) pms™ in the z direction using a Briiel
& Kjeer 4535-B-001 triaxial accelerometer. A certain movement of the transmitter
chamber, however, is not critical if it does not excite the detector beam in its
bending mode. The movement of the detector chamber was measured using two
Kinemetrics EPI ES-T FBA triaxial accelerometers placed on top of the chamber.
These accelerometers provide a resolution of ~1.4pms™ when combined with

an eighth-order 1.37 mHz low-pass lock-in amplifier. Typically, we measured the
detector-chamber velocities as ~0.25nms™ in the y direction and ~0.40nms" in
the z direction at the frequency of excitation.

Post-processing/data evaluation. Offset correction. To eliminate possible errors
due to a frequency-independent offset value of the measurement chain, an
additional measurement at a frequency far away from the detector resonance has
been made before each measurement run (here we used 40.44 Hz). Thus, the signal
level with active piezo-excitation can be determined and subtracted from the
measurement output, also eliminating electrically coupled signals produced by the
amplifier of the piezo-excitation. The typical offset value measured by the lock-in
amplifiers was in the range of 0.3nms™".

Bending amplitude extraction. Due to the detector beam suspension, rigid-body
movements occur as pendulum movements with resonance frequencies around

1 Hz, velocity amplitudes up to 6 ums™ and very high time constants. Once excited
by additional disturbances, they might remain for a long time and are therefore
still observed in the measurements. Despite their low resonance, they may have

a contribution to the velocities measured at the frequency of excitation, too.
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Therefore, the measurement setup uses three lasers to extract the amplitude of the
first bending mode from the combined motion as

2 i
ug (xq) = (“Z{T + ugr (Exd - 1) + 14,1 Uab1 (xd)) et (14)

measured by the lasers. The first bending mode shape Uy, is described by the
well-known normalized solution of an Euler-Bernoulli bending beam with
free-free boundary conditions™. Using the measured displacement/velocity at the
three measurement positions x; = (0.005m, [,/2 and [;—0.005 m) of the detector
beam, the amplitudes ug;’, ug;" and ug,,” can be calculated by solving the system of
equations that results from equation (14); hence, the pure bending motion can be
extracted. Note that the index ‘1” denoting the first bending mode is omitted in the
main text for the sake of readability. Typical rotational and translational movements
of the detector at the measurement frequency were in the range of 0.1 nms™'. For
the transmitter, the rigid-body movements can be considered negligible compared
with the relatively large bending motion; hence, one transmitter measurement
position is sufficient.

Temperature correction. From preliminary experiments, a linear temperature
dependency of the detector resonance frequency was found (temperature
coefficient, a=—0.01834(56) Hz °C'; Extended Data Fig. 1). Since the temperature
might slightly change during a measurement, the resonance frequency changes,
too, thus producing a deviation in the frequency response from the expected SDOF
behaviour. Assuming that the temperature behaviour is equal for all the frequencies
around resonance, we compensated for this effect by subsequently shifting the
excitation frequencies with respect to the mean temperature of the measurement.
Due to the very stable temperature inside the detector chamber, the average
temperature span during the whole measurement period of ~24h was 0.013°C.
Therefore, this effect had a negligible influence on the overall results.

SDOF fit. The quantification of gravitational coupling between the two beams
requires the knowledge of the response amplitude of the detector and its vibrational
properties. It has been shown that the frequency response of the detector beam
around the resonance can be modelled by the response of an SDOF oscillator.
Thus, the theoretical equation of the transfer function (TF) of an SDOF oscillator,
A 2
0o .
Qq eupﬂ +XT,

TF ((D) = 2 2 iww,
Wy — 0"+ 5

(15)

is fitted to the measured transfer function that is obtained from the detector
bending velocity and bending velocity of the transmitter beam. Here A, denotes the
amplitude ratio at the resonance frequency ,, corresponding to |ug,/t4y, | (Fig. 3),
and Q is the Q factor of the detector’s first bending mode. As additional parameters,
the phase at resonance ¢, corresponding to £(4,/t4,,) (Fig. 3), is introduced to
account for eventual deviations from the theoretical prediction (¢, =-=n/2). Further,
a complex offset XT is introduced to include frequency-independent crosstalk.

The fitting is carried out using MATLAB R2021a using a Levenberg-Marquardt
nonlinear least squares solver. To assess the uncertainties of the individual
parameters, a bootstrapping method has been applied that uses 100 individual fits
based on randomly sampled data (with replacement)™.

Uncertainty estimation. Although at a proof-of-principle state, an estimation of
the measurement uncertainties of our experimental results is presented in this
section. It should be noted, however, that this Article presents a fully characterized
experiment in uncharted territory with the benefits of a dynamical measurement;
hence, the assessment of uncertainty should be regarded as both preliminary and
an attempt to stimulate further ideas around this interesting aspect.

In estimating the uncertainty associated with measuring G, equation (2) is used
to assess the influence of different variables. Therefore, one needs to evaluate the
contribution of function I to the overall error, too. This is a rather challenging task
since the function depends on several parameters in a highly nonlinear fashion.
Motivated by theory and experiment, a power-law model yd, is stipulated to
be able to move forward with the assessment. This has the merit to enable us to
focus on estimation of parameter y. Thus, assuming uncorrelated input quantities,
the combined standard uncertainty can be calculated from equation (2) using a
first-order Taylor approximation.

Velocity measurement. The velocity amplitudes of both transmitter and detector
have been measured using commercial laser vibrometers with subsequent lock-in
amplifiers. We identified the main contributions to the measurement uncertainty
to be the calibration error (maximum +1.00%), linearity error (maximum =+0.10%)
and frequency-response error (maximum +0.58%) of the vibrometers, as specified
in the data sheet of the used instruments and measurement range.

However, it is yet unclear if the specified uncertainties apply equally to the
small measurement amplitudes of several nanometres per second, since the
calibration has been performed at considerably higher amplitudes. Therefore,

a traceable calibration of the measurement chain is essential for future accurate
measurement. Despite numerous challenges reported in the literature’*, we

believe that stable temperatures and narrow bandwidth will be favourable in
this regard.

Further, the input-gain accuracy of the lock-in amplifiers (maximum
+0.01%) and angular alignment of the laser beam with respect to the detector/
transmitter surface (maximum +1.00°) contribute to the uncertainty. Since the
detector bending amplitude is calculated from a linear combination of three laser
measurement signals (equation (14)), the contribution to the combined uncertainty
must be calculated accordingly.

System parameters. The transmitter mass m, has been measured with a Mettler
Toledo XP6002S scale with reported linearity error of +0.0005%, reproducibility
of +0.00013% and sensitivity deviation of +0.0015%, resulting in an absolute
standard uncertainty of the transmitter mass of better than 100 mg. The distance d,,
was initially adjusted manually, where a systematic error of +0.5 mm was assumed.
The automatic positioning system itself works very precisely with an error
of +1um.

Since d, is different for single measurements, an average relative standard error
was calculated.

The Q factor of the detector is assumed to be constant since pressure and
temperature are held constant throughout the measurements. Hence, its value
is obtained from an inverse-variance weighted mean of all the SDOF fit results,
resulting in Qy=3.595(85) x 10*. The uncertainty of the resonance frequency is
determined from a linear fit of the resonance frequency versus temperature curve
(Extended Data Fig. 1).

SDOF fit. The error of the measured amplitude ratio and phase shift is individually
obtained from each SDOF fit. To assess the contribution to the overall combined
standard uncertainty of the measured G, average values were calculated.

Theoretical model. To evaluate the relative error for estimating y, computations
of the partial derivatives of y with respect to the beam dimensions have been
performed to come up with a reasonable value. Errors due to linearization of the
model or other numerical effects were not considered at this phase of the project.
The standard uncertainty of y was estimated to be 0.16% using a measurement
uncertainty of 0.01 mm for all the dimensions included in the model.

All uncertainty contributions are summarized in the error budget presented in
Table 1. The Q factor of the detector beam, distance d, and velocity measurement
represent the biggest error sources for the measurements presented in this paper.

Outlook. Due to the relatively large contributions of single variables, the assessment
of uncertainty should be regarded as preliminary and yet incomplete. Therefore,
measures to improve the uncertainty as well as unconsidered contributions are
briefly discussed: using a more sophisticated beam alignment, for example, using
optical methods, the initial distance accuracy may be substantially reduced.
Further, a calibration of the velocity measurement chain must be performed.
According to the manufacturer, the calibration uncertainty of the laser vibrometer
results almost totally from the available velocity standards. However, since we
are only interested in the ratio between the measured velocity signals, a relative
calibration of the measurement chains increases the measurement accuracy,
nonetheless.

Influences that are considered negligible at the moment might play a role if the
major uncertainty contributions decrease. This can, amongst others, comprise the
following.

o Beam parallelism

o mass distribution of the beams

«  movement of the transmitter chamber

«  nonlinear theory of the transmitter beam displacement
« influence of the Taylor approximation

o model of the piezoelectric excitation

Data availability

Source data are provided with this paper. The data that support the findings of this
study are available as an open access dataset’”” or from the corresponding author
upon reasonable request.
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Extended Data Fig. 1| Detector resonance frequency vs. temperature. Detector beam resonance frequency f, as a function of the mean temperature
inside of the detector chamber. The points represent the SDOF fit result of the resonance frequency obtained from individual measurement runs (such

as exemplarily shown in Fig. 3) at the mean temperature during the run (x - error bars = std). The y - error bars denote the 95% confidence interval

of the SDOF fit result (not visible). The temperature of the air in the chamber and the beam’s material are assumed to be equal. A linear fit of all data
points reveals a linear relation between the detector resonance frequency and its temperature with a coefficient of —0.01834(56) Hz/°C. The red shaded
illustrates the 95% confidence band of the linear fit.
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Extended Data Table 1| Detector and transmitter beam model parameters

Parameter Unit Transmitter beam Detector beam
Value Standard uncertainty Value Standard uncertainty

Mass g 3875.6 0.1 647.72 0.02

Length mm 1000.38 0.01 1000 0.01

Width mm 10.05 0.01 8.49 0.01

Height mm 20.07 0.01 16.97 0.01

Resonance frequency @ 11.4°C  Hz 42.58 0.01 42.650759  0.000015

Mass per unit length* kg/m  3.8744  0.0001 0.6477 0.0002

Cross sectional area* mm?> 201.7 0.2 144.1 0.2

Bending stiffness* Pam* 680.1 0.04 92.915 0.005

Young’s modulus* GPa 400 1 107.4 0.4

Second moment of inertia

with respect to z-axis* m* 1.7E-09 5E-12 8.65E-10 3E-12

Dimensions and material properties of both transmitter and detector beam used for the analytical analysis of the gravitational coupling. The transmitter resonance frequency is influenced by the driving
piezo and its backing mass. *Derived parameters using Euler-Bernoulli beam theory.
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